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Abstract

We present a new method to calculate the indicative surfaces of the photoelastic effect in biaxial crystals. The corresponding equations
are derived and applied to the calculations of the indicative surfaces of the longitudinal and transverse photoelastic effects in orthorhom-
bic Cs2HgCl4 crystals. By means of the indicative surfaces the spatial anisotropy of photoelastic interaction in Cs2HgCl4 crystals is
evaluated.
� 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The last decade is characterized by a growing interest on
the investigations of parametrical nonlinear optical phe-
nomena (electro-optic, photoelastic or acousto-optic
effects) in solid crystal and amorphous media. Concerning
anisotropic materials the activity have been much shifted to
low-symmetry crystals (see e.g., [1–6]), namely due to pos-
sibility of their applications in different optoelectronic
devices, such as electro-optical and acousto-optical modu-
lators and deflectors. The application of low-symmetry
anisotropic materials in such devices (usually as media
for electro-optical and acousto-optical cells) requires a
knowledge on the spatial anisotropy for physical properties

of the crystals [1,7,8]. The main problems rise here in
regard to the optimization of the electro-optic or photo-
elastic interaction geometry which only makes possible to
use these materials with a maximal efficiency. Such prob-
lem may be solved in terms of the indicative surfaces
(IS), which directly give a geometrical characterization of
the spatial anisotropy of the parametrical optical effects
represented by third- or forth-rank tensors [9].

Present paper, deals with biaxial Cs2HgCl4 crystals. A
Mach–Zehndner interferometer technique have been used
to study the piezo-optical properties of Cs2HgCl4 crystals
at room temperature giving a complete set of piezo-optical
pmn and photoelastic pin tensor components [6,10]. Com-
plete sets of the elastic tensor Cij and the elastic modulus
Sij are known from the acoustical studies [11]. Substantial
photoelastic effect and low ultrasonic velocities in these
crystals determine relatively high figure of merit M2

for the isotropic acousto-optical diffraction (for certain
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geometries of acousto-optical interactions M2 is about of
100–110 · 10�15 s3/kg [6]) thereby such material can be
considered as rather promising candidate for applications
in acousto-optical devices. This is the reason why the calcu-
lations of the IS of photoelastic effect in Cs2HgCl4 crystals
are important, in particular for the optimization of the
photoelastic interaction geometry giving further improve-
ment of the acousto-optical efficiency.

2. The directional cosines for construction of the IS

In general case the components of the s-order rank ten-
sor T 0unh... in an arbitrary Cartesian coordinate system
(where u,n,h, . . . = 1, 2 or 3 are the indices each corre-
sponding to one of the orthogonal axes X 01, X 02 or X 03) are
related to the tensor components Tpcl. . . in the principal
crystallophysic system (where p,c, l, . . . = 1, 2 or 3 are the
indices each corresponding to one of the principal axes
X1, X2 or X3) by the relation [9]:

T 0unh... ¼ aupancahl . . . T pcl... ð1Þ
where aup,anc,ahl are the directional cosines of the rotated
coordinate system X 01,X 02,X 03 with respect to the principal
coordinate system X1,X2,X3 (see Fig. 1). In a case of the
photoelastic effect these axes coincide with the directions
of applied mechanical stress or light polarization. In order
to build up the IS one must calculate tensor components
T 0unh as the function of directional cosines aup,anc,ahl. . ..
For the optical effects in uniaxial crystals the axes of the
arbitrary rotated coordinate system are related with the
direction of light propagation and its possible polariza-
tions, what indeed decreases the number of IS [7,8]. We de-
note: k is the direction of light propagation and r is the
radius vector of IS, which is parallel to one of the permitted
light polarizations, j coincides with the other light polariza-
tion component orthogonal to the vectors k and r. We
choose X 01kk,X 02kj and X 03kr as is shown in Fig. 1 for uniax-
ial crystals. Thus the directional cosines yield a matrix of
orthogonal transformation [8] from the principal crystallo-
physical coordinate system to the arbitrary rotated coordi-
nate system. The directional cosines of the radius-vector r

in spherical coordinates u and h can be written in the fol-
lowing well-known form:

ar1 ¼ sin h cos u; ar2 ¼ sin h sin u; ar3 ¼ cos h ð2Þ
whereas the directional cosines for light polarization com-
ponents k and j read as [8,9]:

aj1 ¼ � sin u; aj2 ¼ cos u; aj3 ¼ 0;

ak1 ¼ cos h cos u; ak2 ¼ cos h sin u; ak3 ¼ � sin h ð3Þ

where j and r coincide with the polarizations of the ordin-
ary and extraordinary waves, respectively. By using these
equations the indicative surfaces of longitudinal and trans-
verse photoelastic effects were built up for uniaxial crystals
of lithium niobate [7], (BaxSr1�x)Nb2O7 [12] and b-barium
borate [8]. This principle works for biaxial crystals too.

The dependence of two possible directions i of light
polarizations on a light propagation direction k for biaxial
crystals is deduced by Lagrange’s undetermined multipliers
k,l. A function F [13] is defined F ¼ 0:5i�gi� 0:5kðii� 1Þþ
lðkiÞ, where �g is impermeability tensor. Defining the
extreme values in a plane perpendicular to the vector k,
one obtains [13]:

oF =oi ¼ �gi� kiþ lk ¼ gqqaiq � kaiq þ lakq ¼ 0; ð4Þ

where q = 1,2,3,aiq are the directional cosines correspond-
ing to the vector i, k ¼ i�gi ¼ gqqa

2
iq is the inverse squared

refractive index of the light wave with the polarization par-
allel to the i-direction and l is a deflection of electric field
vector of light wave from the wave front plane [13]. Eq. (4)
can be also derived from the Maxwell’s equations [13]. In
crystallophysical coordinate system the tensor g has only
diagonal components gqq, so we will use its short notation
gq.

The directional cosines for k and j vectors can be defined
by considering only one of light polarizations i.e., ikr in Eq.
(4), thereby aiq = arq. Expressing k aiq, one obtains the
directional cosines for the vector k:

ak1 ¼ l�1 Dg2 cos2 h� Dg3 sin2 h sin2 u
� �

sin h cos u;

ak2 ¼ l�1 Dg3 sin2 h cos2 u� Dg1 cos2 h
� �

sin h sin u;

ak3 ¼ l�1 Dg1 sin2 u� Dg2 cos2 u
� �

sin2 h cos h;

ð5Þ

where Dg1 = g2 � g3, Dg2 = g3 � g1, Dg3 = g1 � g2, which
follow from the cyclic permutation rule of indices: 1–2–3,
3–1–2 or 2–3–1. In order to determine the directional co-
sines for j, we take into account that j = [r,k], thus from
Eqs. (5) and (2) we obtain:

aj1 ¼ Dg1l
�1 sin h cos h sin u;

aj2 ¼ Dg2l
�1 sin h cos h cos u;

aj3 ¼ Dg3l
�1 sin2 h sin u cos u.

ð6Þ

Since the sum of square of the directional cosines for k and
j is equal one, from Eqs. (5) or (6) we get:

l ¼ � sin h ðDg1Þ
2 cos2 h sin2 uþ ðDg2Þ

2 cos2 h cos2 u
�

þðDg3Þ
2 sin2 h sin2 u cos2 u

�1=2

. ð7Þ
Fig. 1. Spatial position of the rotating coordinate system X 01,X 02,X 03 with
respect to the crystallophysical coordinate system X1,X2,X3 for uniaxial
crystals.
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To eliminate a sign ambiguity in Eq. (7) we consider the
case h = 0 and u = 0, i.e., when the rotated coordinate sys-
tem coincides with crystallophysic one. In such case the
directional cosines are defined as:

ak1 ¼ 1; ak2 ¼ 0; ak3 ¼ 0; aj1 ¼ 0; aj2 ¼ 1; aj3 ¼ 0; ð8Þ
thus by inserting Eq. (7) into Eqs. (5) and (6) the direc-
tional cosines for the vectors k and j get the following form:

ak1 ¼ aj2 ¼ �Dg2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDg2Þ

2
q

;

�
ak2 ¼ 0; ak3 ¼ 0; aj1 ¼ 0; aj3 ¼ 0. ð9Þ

For a coincidence of conditions (9) and (8), it is neces-

sary to multiply Eqs. (5) and (6) on �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDg2Þ

2
q

=Dg2 ¼
�jDg2j=Dg2. Then the sign of l is well defined and the
directional cosines for the vectors k and j have the form:

ak1 ¼ l0 Dg2 cos2 h� Dg3 sin2 h sin2 u
� �

cos u;

ak2 ¼ l0 Dg3 sin2 h cos2 u� Dg1 cos2 h
� �

sin u;

ak3 ¼ l0 Dg1 sin2 u� Dg2 cos2 u
� �

sin h cos h;

aj1 ¼ l0Dg1 cos h sin u;

aj2 ¼ l0Dg2 cos h cos u;

aj3 ¼ l0Dg3 sin h sin u cos u;

ð10Þ

where l 0 = jl�1Dg2sinhj/Dg2. In the same way we have
eliminated a sign ambiguity for the directional cosines of
the vectors k and j. The relations (10) show a change of
directional cosines as a function of angles h and u for k
and j directions in biaxial crystals. They are general and
thus can be also applied to particular cases, e.g., for uniax-
ial crystals (g1 = g2). The angles h and u define the direc-
tion of the radius-vector r, which is parallel to one of the
light polarization vectors i. Using these relations, we can
write the equations and construct the IS of photoelastic ef-
fect in biaxial crystals.

3. Construction and analysis of IS for the photoelastic

effect in Cs2HgCl4 crystals

The general equation of the indicative surfaces for the
longitudinal and transverse photoelastic effect in Cs2HgCl4
crystals directly follows from Eq. (1) by taking into account
all nonzero components of the photoelastic tensor for the
point group of symmetry mmm:

p0im ¼ a2
i1a

2
m1p11 þ a2

i1a
2
m2p12 þ a2

i1a
2
m3p13 þ a2

i2a
2
m1p21

þ a2
i2a

2
m2p22 þ a2

i2a
2
m3p23 þ a2

i3a
2
m1p31 þ a2

i3a
2
m2p32

þ a2
i3a

2
m3p33 þ 4ai2ai3am2am3p44

þ 4ai1ai3am1am3p55 þ 4ai1ai2am1am2p66; ð11Þ

where ai1, ai2, ai3 and am1, am2, am3 are the directional co-
sines of the polarization vector i and the direction of ap-
plied mechanical deformation m, respectively. In Eq. (11)
all the components of the four-rank photoelastic tensor
are given in the matrix representation (see e.g., [13,14]).

Inserting Eqs. (2) and (10) into Eq. (11), we obtain a set
of three equations describing the IS of the longitudinal and
transverse photoelastic effect, which read:

(1) IS of the longitudinal photoelastic effect p0ii(h,u)
[ikmkr]:

p0iiðh;uÞ¼ p11 cos4 uþðp12þp21þ4p66Þsin2 ucos2 u
�
þp22 sin4 u

	
sin4 hþ ðp31þp13þ4p55Þcos2 u

�
þðp23þp32þ4p44Þsin2 u

	
sin2 hcos2 hþp33 cos4 h:

ð12Þ

(2) IS of the transverse photoelastic effect for light polar-
ization pðiÞimðh; uÞ½ikr; mkj�:

pðiÞimðh;uÞ ¼ p11ðDg1Þ
2 þ p22ðDg2Þ

2 þ p33ðDg3Þ
2

nh
þ 4p44Dg3Dg2 þ 4p55Dg3Dg1 þ 4p66Dg2Dg1

o
sin2 h

� cos2 h sin2 u cos2 uþ p12ðDg2Þ
2 cos4 u

n
þ p21ðDg1Þ

2 sin4 u
o

sin2 h cos2 hþ p13ðDg3Þ
2 cos2 u

n
þ p23ðDg3Þ

2 sin2 u
o

sin4 h sin2 u cos2 u

þ p31ðDg1Þ
2 sin2 uþ p32ðDg2Þ

2 cos2 u
n o

cos4 h
i

� ðDg1Þ
2 cos2 h sin2 uþ ðDg2Þ

2 cos2 h cos2 u
h

þðDg3Þ
2 sin2 h sin2 u cos2 u

i�1

: ð13Þ

(3) IS of the transverse photoelastic effect for mechanical
deformation pðmÞim ðh; uÞ½mkr; ikj�:

pðmÞim ðh;uÞ ¼ p11ðDg1Þ
2 þ p22ðDg2Þ

2 þ p33ðDg3Þ
2

nh
þ 4p44Dg3Dg2 þ 4p55Dg3Dg1 þ 4p66Dg2Dg1

o
sin2 h

� cos2 h sin2 u cos2 uþ p21ðDg2Þ
2 cos4 u

n
þ p12ðDg1Þ

2 sin4 u
o

sin2 h cos2 hþ p31ðDg3Þ
2 cos2 u

n
þ p32ðDg3Þ

2 sin2 u
o

sin4 h sin2 u cos2 u

þ p13ðDg1Þ
2 sin2 uþ p23ðDg2Þ

2 cos2 u
n o

cos4 h
i

� ðDg1Þ
2 cos2 h sin2 uþ ðDg2Þ

2 cos2 h cos2 u
h

þðDg3Þ
2 sin2 h sin2 u cos2 u

i�1

; ð14Þ

where the upper index of pðiÞim or pðmÞim means which vector i or
m is parallel to the radius-vector r of the indicative surface.
One must mention, that Eqs. (13) and (14) contain the
value l 0, giving a positive sign (Dg2 = g3 � g1 > 0) for the
Cs2HgCl4 crystal. The indicative surfaces and their stereo-
graphic projections obtained by means of Eqs. (12)–(14)
are shown in Fig. 2(a)–(c). In our calculations we inserted
the magnitudes of the refractive indices n1 = 1.6498,

M.V. Kaidan et al. / Optical Materials 29 (2007) 475–480 477
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n2 = 1.669 and n3 = 1.6491 (k = 632.8 nm) [6] and the mag-
nitudes of photoelastic constants p11 = 0.40, p12 = 0.40,
p13 = 0.39, p21 = 0.26, p22 = 0.29, p23 = 0.34, p31 = 0.17,
p32 = 0.19, p33 = 0.25, p44 = �0.034, p55 = �0.026 and
p66 = �0.032 [10].

General type construction of indicative surfaces was per-
formed by means of new program Calc3D. This program is
a ready product, working in Windows environment. The
image is built up in spherical coordinate system by varying
the angels h and u. In addition, it is possible to set a color
and transparency for each point. Illumination normal to
the surface were also taken into account. The invisible
parts of surface were cut using Z-buffer algorithm. At
developing of this program the technology of virtual
machine and OpenGL library were used, that allows to
obtain high quality images. The construction principle of
stereographic projections is well-known and described in
[9,13]. They are shown in Fig. 2(d)–(f).

The IS of the longitudinal and transverse photoelastic
effects in Cs2HgCl4 crystals are characterized by the follow-
ing properties:

• the IS in Fig. 2(a)–(c) do not possess a rotation symme-
try in any direction that agree with German’s theorem

[14]; however, they keep all the elements of mmm point
symmetry, namely three mutually perpendicular two-
fold axes and three planes of symmetry. This physical
property is in agreement with the known principle of
Curie–Neumann [9].

• the IS of the transverse effect (Fig. 2(b) and (c)) have a
continuous set of values along the main axes. For
instance, the effective magnitudes along X1, X2 and X3

axes are in the range of p12–p13, p21–p23, p31–p32 for
the IS pðiÞimðh;uÞ, and in the range of p21–p31, p12–p32,
p13–p23 for the IS pðmÞim ðh;uÞ, respectively. Along the X1

axis the change of the radius-vector of the IS pðiÞimðh;uÞ
from p12 to p13 is caused by a fixation of the direction
ikrkX1 with a possible change of the direction m in the
plane perpendicular to X1 axis. In contrast to biaxial
crystals, such continuous set of values is not observed
along the main axes of uniaxial or cubic crystals,
because p31 = p32, p13 = p23 and aj3 = 0 in Eq. (3). Only
the crystals of cubic symmetry 23 and m3 are exception.
Their continuous set of values is observed along the X3-
axis in accordance with peculiarity of their photoelastic
tensor, i.e., due to the fact that p31 5 p32 and p13 5 p23

(see e.g., [15]).
• the analytical search for extreme values at IS in the case

of Cs2HgCl4 crystals, as it was done for lithium niobate

Fig. 2. The indicative surfaces (a)–(c) and their stereographic projections (d)–(f) of the longitudinal p0ii(h,u) (a,d) and transverse pðiÞimðh;uÞ (b,e), pðmÞim ðh;uÞ
(c, f) photoelastic effects in Cs2HgCl4 crystals.
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[7] or b-barium borate [8] crystals by applying the con-
ditions op/oh = 0 and op/ou = 0, can be obtained only
for the longitudinal effect. So Eq. (12) to solve is of
the type:

p0iiðu; hÞ ¼ aðuÞ sin4ðhÞ þ bðuÞ sin2ðhÞ cos2ðhÞ þ c cos4ðhÞ:
ð15Þ

Differentiating with respect to h yields

o

oh
p0iiðu; hÞ ¼ 2 sin h cos hð2½aðuÞ � bðuÞ þ c� sin2 h

þ ½bðuÞ � 2c�Þ. ð16Þ

Therefore, extreme values occur for sinh = 0, cosh = 0 and
(2[a(u) � b(u) + c]sin2h + [b(u) � 2c]) = 0. Thus it is evi-
dent, that the extremal values occur at hextr. = 0, p/2,p,. . .
and

~hextr. ¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

bðuÞ � 2c
aðuÞ � bðuÞ þ c

s( )
. ð17Þ

According to (17) we can calculated the ~hextr. for different
values of /. For / = 90� one obtains ~hextr.:

~hextr. ¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

p23 þ p32 þ 4p44 � 2p33

p22 � ðp23 þ p32 þ 4p44Þ þ p33

s( )
; ð18Þ

which in the case of Cs2HgCl4 crystals is equals 37�. Insert-
ing this, the magnitude of extremal longitudinal effect
amounts to

lim
u!p=2

lim
h!~hextr.

½p0iiðh;uÞ�

 �

¼ 1

4

ðp23 þ p32 þ 4p44Þ
2 � 4p22p33

ðp23 þ p32 þ 4p44Þ � ðp22 þ p33Þ

¼ ~p ðlongitudinal minimumÞ; ð19Þ

which in our case is equal 0.23. This information might be
useful, as it covers the dependence on the photoelastic com-
ponents. Besides such extreme values also the extreme val-
ues for transverse effect were obtained numerically using
our software and are presented in Table 1 (here the angular
parameters of directions are given only for radius-vector of
IS). Knowing the extreme directions for the longitudinal
and transverse effects one may take the limits to obtain cor-
responding extremal magnitudes:

lim
u!0

lim
h!p=2
½p0iiðh;uÞ�


 �
¼ p11 ðlongitudinal maximumÞ;

lim
u!p=2

lim
h!0
½pðiÞimðh;uÞ�


 �
¼ p31 ðtransverse minimumÞ;

lim
h!p=2

lim
u!0
½pðiÞimðh;uÞ�


 �
¼ p12 ðtransverse maximumÞ;

lim
u!0

lim
h!p=2
½pðmÞim ðh;uÞ�


 �
¼ p31 ðtransverse minimumÞ;

lim
h!p=2

lim
u!p=2

½pðmÞim ðh;uÞ�

 �

¼ p12 ðtransverse maximumÞ.

ð20Þ
One must be stressed that the order of taking the limits is
important here, i.e., limu(limh) 5 limh(limu). Table 1 pre-
sents the angular parameters for only one direction neglect-
ing all other symmetry equivalent directions. The latter ones
may by obtained by employing a reflecting of the corre-
sponding radius vectors in three crystallographic planes of
symmetry. All the IS are characterized by almost the same
magnitudes in their extreme points because the values of
p11 and p12 constants are nearly equal for Cs2HgCl4 crystals.

• the anisotropy power for all IS is also shown in Table 1.
It was obtained using the relation [8]: c = (Vsphere �
jV+ � V�j)100%/Vsphere, where Vsphere = 4pjfextr.j3/3 is
the sphere volume corresponding to a certain radius:
jfextr.j = max(jfminj,jfmaxj); fmin and fmax are the mini-
mum and maximum values of the IS, respectively, V+

and V� are the volumes of the positive and negative
parts of the surface, respectively. Taking into account,
that all IS in Fig. 2(a)–(c) have the positive parts only,
we have applied a simplified formula for the calculation
of anisotropy power, i.e., c = (Vsphere � V+)100%/
Vsphere.

• comparing the IS of photoelastic effect (see Fig. 2(a)–(c))
and of the piezo-optical one [16], one may realize a sub-
stantial difference, in particular piezo-optical effect
shows a more complicated structure of IS, including
the inversion of the sign for both transverse IS pðiÞim(h,u)
and pðmÞim (h,u). That is why the anisotropy power for
piezo-optical effect [16] is about of 1.5–2 times larger as
compared to the photoelastic effect. The directions corre-
sponding to the extreme values of transverse piezo- and
photoelastic effects practically coincide whereas for the
longitudinal effect [p0ii(h,u) and p0ii(h,u)] they clearly dif-
fer. It may be explained by the fact that p33 > p11 for the
piezo-optical effect and p33 < p11 for photoelastic effect.

Table 1
The extreme values and anisotropy power for IS of photoelastic effect in Cs2HgCl4 crystals

IS Minimal magnitude for the IS
and its direction

Maximum magnitude for the IS
and its direction

Anisotropy power

Magnitude h (�) u (�) Magnitude h (�) u (�) Vsphere (unit)3 V+ (unit)3 c (%)

p0ii(h,u) ~p ¼ 0:23 37 90 p11 = 0.40 90 0 0.80 0.32 60

pðiÞimðh;uÞ p31 = 0.17 0 0 p12 = 0.40 90 0 0.80 0.36 55

pðmÞim ðh;uÞ p31 = 0.17 90 0 p12 = 0.40 90 90 0.80 0.42 48

M.V. Kaidan et al. / Optical Materials 29 (2007) 475–480 479
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Therefore the extreme value for longitudinal IS p0ii(h,u)
occurs at h = 0�, i.e. along the X3 axis whereas for IS
p0ii(h,u) the extreme magnitude is at h = 90� and
u = 0�, i.e., along the X1 axis.

4. Conclusions

In conclusion we present here a new method to calculate
the IS for the photoelastic effect in biaxial crystals. The cor-
responding equations has been derived and applied to the
calculations of the IS related to the longitudinal and trans-
verse photoelastic effects in orthorhombic Cs2HgCl4 crys-
tals. The maximum magnitudes at the IS of the
longitudinal and transverse photoelastic effects are revealed
along the principal crystallographic directions. This indeed
defines a set of the optimized sample geometries recom-
mended for designers that develop acousto-optical modula-
tors and deflectors built up using Cs2HgCl4 crystals as
photoelastic media. By means of the IS the spatial anisot-
ropy of the photoelastic interaction in Cs2HgCl4 crystals
is evaluated.
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